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Exponential Random Graph Models
ERGM are widely used to capture typical behaviour observed in complex networks. For example, many observed networks are sparse but contain atypical
numbers of triangles. More precisely, in a network with n nodes one often observes both order n many edges and order n many triangles. This renders a vast
class of random graph models useless for modelling.
To overcome this problem, ERGM proposes to “tilt the random graph exponentially” in order to favour a desired outcome. For example, one might
consider the following probability distribution on the space of all graphs on n
vertices:


β2
(1)
P (G) ∝ exp β1 E(G) + T (G)
n
with E(G) and T (G) the number of edges and triangles in the graph G, respectively. The interpretation is that for β1 < 0 and β2 > 0 this distribution
‘favours’ configurations with less edges and more triangles. Unfortunately, it is
now known whether in the dense setting (i.e., order n2 many edges) the above
model serves the desired purpose. More precisely, there are different values
of the parameter (β1 , β2 ) such that typical observations from this model are
indistinguishable when n is sufficiently large (in fact, sometimes typical observations are indistinguishable from i.i.d. random graphs). This problem occurs
for general classes of models in the dense settings [1, 2, 3].
Although most applications are concerned with the sparse setting [6], few
rigorous results are known also in this case. Recently, Mukherjee [5] obtained
results in the sparse setting when the sufficient statistics (the expression in the
exponent in (1)) is a function of the degrees of the vertices.
We propose to discuss the following problems:
1. What happens if we consider triangles or functions of triangles? (The number
Pn of triangles is not a function of the degrees.) For example, Tf (Gn ) =
i=1 f (T (Gn , i)), where T (Gn , i) is the number of triangles in the graph
Gn that contain the vertex i. Can we determine a class of functions f
such that we can determine the normalising constant for this model?
2. More general statistics have been proposed in the literature [4], such as
alternating k-triangles [7] (see below).
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3. In which situations does the model produce trivial results? For example,
for which statistics are typical observations of the model either complete
graphs or empty graphs?
4. When is the model is statistically sound, i.e., are the parameters efficiently
identifiable?
5. Can we talk about the limit of these graphs as n → ∞ in the sparse
setting (in some suitable sense)? What is the appropriate choice for β1 , β2
to make the model sparse? (This is also related to the previous items.)
Initial computations suggest that β2 might need to grow like log n for the
model to become sparse.

Alternating k-triangle
A k-triangle with base (a, b) is a graph on k + 2 vertices with vertex set
{a, b, v1 , . . . , vk } and edge set
(a, b),

(a, v1 ), . . . , (a, vk ),

(b, v1 ), . . . , (b, vk ).

(2)

Note that for k ≥ 2 the number of k-triangles in a graph can be written as
X L2ij 
Tk =
aij
,
(3)
k
i<j
where L2ij is the number of paths between i and j (i.e., the number of common
neighbours of i and j), and aij = 1 when there is an edge between i and j, and
aij = 0 otherwise. For k = 1, on the other hand,
T1 =

1X
aij L2ij ,
3 i<j

(4)

where the factor 31 is to adjust for the 3 times over counting in the configuration.
The alternating k-triangle statistics is defined as
T (G) = 3T1 −

T2
T3
Tn−3
+ 2 + · · · + (−1)(n−2) n−3 ,
λ
λ
λ

(5)

where λ > 0 is a parameter.
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